HYPERFINE SPLITTING IN NON-RELATIVISTIC QED: UNIQUENESS 
OF THE DRESSED HYDROGEN ATOM GROUND STATE 



1. Introduction 



LAURENT AMOUR AND JEREMY FAUPIN 

, — , Abstract. We consider a free hydrogen atom composed of a spin-i nucleus and a spin-i 

' electron in the standard model of non-relativistic QED. We study the Pauli-Fierz Hamilton- 

ian associated with this system at a fixed total momentum. For small enough values of the 
^ ' fine-structure constant, we prove that the ground state is unique. This result reflects the 

U , hyperfine structure of the hydrogen atom ground state. 

Q 

(N 

S: 

I , The structure of the spectrum of the Pauh Hamiltonian describing a non-relativistic Hy- 

I drogen atom in Quantum Mechanics is weh-known (see e.g. [S]). Among many properties, 

' a remarkable one is that the interaction between the spins of the nucleus and the electron 

causes the so-called hyperfine structure of Hydrogen. In particular, in spite of the spins de- 
grees of freedom, the ground state of the Pauli Hamiltonian is unique; A three-fold degenerate 
eigenvalue appears besides, close to the ground state energy. This phenomenon justifies the 
!>■ I famous observed 21 -cm Hydrogen line. Mathematically, using standard perturbation theory 

of isolated eigenvalues, this statement is not difficult to establish. 
, In the framcwork of non-relativistic QED, due to the absence of mass of photons, the bottom 

CD ' of the spectrum of the Hamiltonian coincides with the bottom of its essential spectrum. Thus 

fSJ ■ the question of the (existence and) multiplicity of the ground state is much more subtle. 

In this paper we consider a moving Hydrogen atom in non-relativistic QED. The total 
system (electron, nucleus and photons) is translation invariant, hence one can fix the total 
momentum and study the corresponding fiber Hamiltonian. For sufficiently small values of 
the total momentum, the bottom of the spectrum is known to be an eigenvalue (see [3l I19|). 
^ ' Moreover, under simplifying assumptions, the multiplicity of the ground state eigenvalue is 

also known: If both the electron and nucleus spins are neglected, the ground state is unique 
[3]. If the electron spin is taken into account and the nucleus spin is neglected, then the 
ground state is twice degenerate [20] . 

Now, following the physical prescription, we assume that both the electron and the nu- 
cleus have a spin equal to ^. In [1], using a contradiction argument, we proved under this 
assumption that the multiplicity of the ground state is strictly less than 4. This shows that a 
hyperfine splitting does occur in non-relativistic QED (we refer the reader to the introduction 
of [1] for a more detailed discussion on the hyperfine structure of Hydrogen). Refining our 
previous analysis, we shall prove in the present paper that the ground state of the dressed 
Hydrogen atom is unique. 

1.1. Definition of the model and main results. We recall the definition of the Hamil- 
tonian associated with a freely moving hydrogen atom at a fixed total momentum P in 
non-relativistic QED. For more details, we refer to [U Section 2]. 
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The Hilbert space of the total system is 



T^fib :=C^®l2(m3)^^pj^^ where T^ph := C 5„ [l2(m3 x {1, 2})®"] . 

n=l 

The photon space Tiph is the symmetric Fock space over L^(M'^ x {1,2}) (Sn denotes the 
symmetrization operator). In units such that the Planck constant divided by 27r and the 
velocity of light are equal to 1, the Hamiltonian we consider acts on "Hfib and is given by the 
expression 

1 /7n,„i m„i 7 \ 2 

Pph) 
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The coupling parameter g is given hy g := a^/^ where a = is the fine-structure constant 
(with e the charge of the electron). The variable r is the intern position variable of the 
hydrogen atom, and pr := — iV^ is the associated momentum operator. The masses md, 
and M := md + are respectively the mass of the electron, the mass of the nucleus and the 
total mass of the atom. The 3-uples cr'^' = (cf , o"!', o"!^) and a'^ = (uf , fig , Cg) are the Pauli 
matrices associated with the spins of the electron and the nucleus respectively, that is 
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As usual, for any /i G 
a*{h) := 



A=l,2 



X {1, 2}), we set 
h{k,X)al{k)dk, a{h) 



V / h{k,\)ax{k)dk, 



A=l,2 



and 4*(/i) := a*(/i) + a(/i), where the creation and annihilation operators, a^(/c) and a\{k), 
are operator-valued distributions obeying the canonical commutation relations 

[axik),ayik')] = [al{k),al,ik')] = 0, [a^ik), a*yik')] = 6xx'Sik - k'). 

For X E M^, the vectors A[x) and B{x) of the quantized electromagnetic field in the Coulomb 
gauge are defined by 



A{x) :-- 
B{x) :-- 



1 

2^ 
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A=l,2 
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A=l,2 



'^e\k) 



e-'^'^a\{k)^e'^''ax(k) 



dfe. 



\-^xm{-Ne\k)) 



am 



Ak-x 



a\{k) 



dk, 



[1.2] 



(1.3) 
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where the polarization vectors are chosen in the following way: 

_ (A:2,-A:i,0) 2/,n _Aa - {-kiks, -k2k3, kf + k^) 

y^wn?, ' ' 1^1 ^ " vwTMVkf + k'i + ki • 

In particular, for j € {1,2,3}, we have Aj{x) = and Bj{x) = ^{h?{x)), with 

hf{x,k,X) := ^^eJ(fc)e-'=-, (1.4) 
27r 

/if (x,fe,A) := -^|A;|ixA(A;) A ^^(A:)^ e-^^-. (1.5) 

In (jl.2p and (jl.Sp . Xh{k) denotes an ultraviolet cutoff function which is chosen, for simplicity, 
as Xh{k) '■= '^\k\<h{k)- Here, A is supposed to be a given arbitrary (large and) positive 
parameter. 

The Hamiltonian and total momentum of the free photon field, i^ph and Pph, are defined 

by 

^Ph •= E / \k\al{k)ax{k)Ak, Pph := [ kal{k)ax{k)dk. 

The Fock vacuum is denoted by 17. 
Our main result is the following. 

Theorem 1.1. There exist gc > and pc > such that, for all < g < gc and < |P| < pc, 
Hg{P) has a unique ground state, that is 

Eg{P) := inf spec{Hg{P)) is a simple eigenvalue of Hg{P). 

Remarks 1.2. 

(1) For convenience, we shall work in the sequel with the Hamiltonian :Hg{P): obtained 
from the expression (jl.ip by Wick ordering. Since ■.Hg{P): and Hg{P) only differ by a 
constant, the statement of Theorem \l.l\ is equivalent if we replace ■.Hg{P): by Hg{P). 
From now on, to keep notations simple, we use Hg[P) to designate the Wick-ordered 
Hamiltonian. 

(2) With some more work, Theorem \l.l\ may be proven with the critical value p^ = M — e, 
e > 0, and gc depending on e. However, for large values of the total momentum, 
\P\ > M, due to Cerenkov radiation, one expects that Eg[P) is not an eigenvalue. 

1.2. Notations and strategy of the proof. Now we describe the strategy of our proof and 
introduce corresponding notations. Our main tools will be a suitable infrared decomposition 
of Fock space combined with iterative perturbation theory. The introduction of an infrared 
cutoff into the interaction Hamiltonian is a standard step in the analysis of models of non- 
relativistic QED [10] . The idea of considering a sequence of Hamiltonians with decreasing 
infrared cutoffs and comparing them iteratively by perturbation theory can be traced back 
to [21] . It was later used successfully in different contexts [5l [HI [21 [7] . 

Roughly speaking, the method employed in these papers to prove the existence of a unique 
ground state is as follows: Let H^ denote the Hamiltonian with an infrared cutoff of parameter 
(T, acting on the Fock space of particles of energies > a. For large c's, there is no interaction 
in i^o- and it is easy to verify that H^j has a unique ground state separated by a gap of order 
0{a) from the rest of the spectrum. Next, using perturbation theory, one shows that, if for 
some given o" > 0, H^j fulfills this gap property (uniqueness of the ground state and gap of 
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order 0{a) above it), then the same holds for Proceeding iteratively, one thus obtains 

the existence of a unique ground state for any a > 0. Finally a suitable use of a 'pull-through' 
argument implies the result for a = 0. 

In all the previously cited papers, the ground state of the non-interacting Hamiltonian is 
unique. In our context, however, it is 4-fold degenerate, so that the method does not directly 
apply. Let us be more precise. For cr > 0, the infrared (fibered) Hamiltonian acts on Tiah and 
is defined as 

where, for any j G {1, 2, 3}, a; G M^ A; G M^ A G {1, 2} and cj > 0, 

Aj^>,{x) := $(/ij^>,(x)) with hf y^ix, k, A) := l|fc|>^(A;)/if (x, k, A), 
Bj,><T{x) := ^{hf>„{x)) with hf>^{x, k, X) := lik\>a{k)hf {x, k, X). 

The expression (jl.6p is Wick ordered in accordance with Remark 11.21 (1). For cr > 0, let 

oo 

^ph,>. := C © Sn [L\{ik, A) G M-^ X {1, 2}, \k\ > a}f"] , 

n=l 

oo 

^ph,<a := C © Sn [L\{{k, A) G M-^ X {1, 2}, \k\ < a}f"] , 

n=l 

denote the Fock spaces for photons of energies > a, respectively of energies < a. It is well- 
known that there exists a unitary transformation mapping Hph to 'Hph,>o- ^5 'Hph,<a- 

'H{ih,>a ■■= ^ L2(M^ dr) © 'Hph,>a- 

Clearly, ?^fib,>fT identifies with a subset of "Hfib, and 

The restriction of Hg,>a{P) to ^fib,>(T H D{Hg^>fj{P)) is then denoted by 

^^9,>^(P) '■= ^9,>'^(^)IWfib,>anD{Hg,><,{P))- 

In order to avoid any confusion, we also set 

and the vacuum in 7iph,>a is denoted by 0>o-. We shall use the decomposition 

K9,>AP) = Ko,>AP) + Wg,>AP), 

where 

Ko,>a{P) ■=Ho{P)\D{Ho{P))nHfn„>a = Hr + '^(^ ~ Pph,>c)^ + Hph,>a, (1-7) 



and 
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^7 • B>a{^g'ir) + (t'' • B>a{-—g:ir). (li 



2mci - ' M " ' 2mn " M ' 

In (|1.7|) . denotes the Schrodinger Hamiltonian 

p2 1 
2/i |r| 

where is the reduced mass, fi := mim2/{mi + m2). 

For any self-adjoint and semi-bounded operator H, we set E[H) := inf spec(-ff) and 

Gap(F) := inf(spec(F) \ {E{H)]) - E{H). 

We then observe that, for ah cr > 0, 

E{Ko,>AP)) = E{Hr) + ^=--^o + ^=: Eo{P), 

and that Eq{P) is 4- fold degenerate (see Lemma [A. II in the appendix). The lowest eigenvalue 
of Hr is given by 

eo = -^/2. 

The projection onto the vector space associated with Eq{P) is denoted by 

no,>.(P) := t{EoiP)}{Ko,>a{P)), and no,>.(P) := 11 -no,>.(P). 

Note that no,>o-(i^) is independent of P. Setting no,>CT := no,>CT(^), no,>CT := no,>CT(^), we 
have 

no,>CT = 11 (g) vro (8) no>^ , 

where ttq is the projection onto the vector space associated with the ground state (po of Hr, 
and nn>^ is the projection onto the vacuum sector in Hph,>a- Moreover, we set 

E,,>.(P) := EiKg,>^{P)). 

As mention above, we will analyze the bottom of the spectrum of Kg^>„{P) iteratively, by 
letting the infrared cutoff parameter a ^ 0. Of course, for o" > A, we have that Kg^>(j{P) = 
Ko,>a{P) and hence the spectrum of Kg^>(j{P) is explicit: It is composed of the 4-fold de- 
generate eigenvalue Eg^>(j{P) = Eq{P) and a semi-axis of absolutely continuous spectrum 
[Eg^>(j{P) + Cfj, oo) for some positive constant C (see Figure 1). 

E 

Ca 



Figure 1. Spectrum of Kg^>^{P) for a > A 



6 



L. AMOUR AND J. FAUPIN 



Compared to previous works, the main substantial difficulty we encounter comes from 
the fact that, as a becomes strictly less that A, Eg^>fj{P) splits into 4 (generally) distinct 
eigenvalues. Therefore, in particular, for a such that 5^ <C a < A, the gap above Eg^>a-{P) 
in the spectrum of Kg >fj{P), Ga.]i{Kg^>fj{P)), is negligible compared to a. To overcome this 
difficulty, we have to start with analyzing the Hamiltonian Kg^y(j(P) for a = Cg^ with C a 
suitably chosen positive constant. Since for these values of the parameters, the perturbation 
is of the same order as the distance between the ground state and the essential spectrum, 
one cannot straightforwardly apply usual perturbation theory. We then do second order 
perturbation theory with the help of the Feshbach-Schur map. 

The Feshbach-Schur map is a natural tool to study second order perturbation of (possibly 
embedded) eigenvalues of self-adjoint operators. In the context of non-relativistic QED, it was 
introduced in [6] and further developed in IHHJ]. The Feshbach-Schur operator we consider 
here is associated with Kg^->cr{P) — Eg^>a{P) and ^o,>a and is defined by 

F9,>AP) -HEoiP) - ^s,>a(P))no,>. - Il0,>aWg,>^{P) 

[Ko,>aiP) - Eg^>AP) + flo,>aWg,>„iP)no,>a] "'no,>.W'g,>.(P)no,>,. (1.9) 

We shall see in Section[2]that this operator is well-defined for suitable values of the parameters. 
The main property of Fg^>„{P) that we shall use is that 

Kg,>a{P) - Eg,>^{P) > Fg,>^{P), 

(see Lemma l2.2p . Combined with the min-max principle, this operator inequality appears to 
be very useful in the context of the present paper. In particular, it will allow us to prove that 
the spectrum of Kg,>aiP) has the form pictured in Figure 2 (see Section [2]): The bottom of 
the spectrum, Eg^>a-{P), is an isolated eigenvalue separated by a gap of size 6g^ from three 
other eigenvalues and a semi-axis of essential spectrum. 

X XXX ^ 

^ si' ^ 

Figure 2. Spectrum of Kg^>a{P) for a = Cg'^, C > 1 

The rest of the proof borrows ideas from |2H [5l [2]. Namely, we shall prove (in Section [3]) 
that if the ground state of Kg^>a{P) is unique and if Gap{Kg^>a{P)) > then the same 
holds for Kg^>T-iP) with r = na, < k < 1. This will show that for small c's, the spectrum 
of Kg^>„{P) has the form pictured in Figure 3 (a non-degenerate eigenvalue separated from a 
gap of size rja from the rest of the spectrum). At the end, the parameters r] and k will have 
to be carefully chosen, in relation with the initial analysis of Section [2j 

Eg.>aiP) 

[ 

rja 

Figure 3. Spectrum of Kg^>„{P) for a < C'g'^, C <C 1 



UNIQUENESS OF THE DRESSED HYDROGEN ATOM GROUND STATE 7 

We conclude this section with introducing a few more notations related to the infrared 
decomposition, which will be useful in Section [3l For < r < o", let 

oo 

^pt>r := C e 5„ [L\{{k, A) G M3 X {1, 2}, r < \k\ < a}f"] . 



n=l 

The vacuum in V.^^^^ is denoted by Jl^^ and the projection onto the vacuum sector is 
denoted by n^<<T. The Hilbert spaces ^fib,>r and 'H{ih,>a ^ T^ph>T isomorphic. We shall 
sometimes not distinguish between the two of them. As an operator on 'Hfib.>ri we set 

Wf,>riP) = -—■■ [{^{P - PvK>r) +Pr- 9A>A^9^r)) • A^A^gsr)^ 

I 9 //"^n,p p . I /I / "^n 2 N <^ rrin 2 

+ -^-.An^gh)': + -^-.An-^glr)': 
2mei -^^M^ ^ 2mn -^^ Af ^ ^ 

where ^^^(•) and S^^(-) are given by the same expressions as A{-) and B{-) respectively, 
except that the integrals are taken over {k G M'^,r < \k\ < a}. Note that 

Hg,>r{P) = Hg,>AP) + W^;AP)- 

Finally, in the case where r = 0, the subindex > is removed from the notations above, that 
is, for instance, := H^^^^^, W^^P) := W^;^{P) and so on. 

Throughout the paper, the notation ^ ■ • • will stand for < C • • • where C is a positive 
constant independent of the parameters. For any vector v, [v] and [v]^ will denote respectively 
the subspace spanned by v and its orthogonal complement. 

2. Existence of a gap for large enough infrared cutoffs 

In this section, we investigate the spectrum of the infrared cutoff Hamiltonian Kg^>„{P) 
for values of the coupling constant g and of the infrared cutoff parameter a fixed such that 
(3~2^g'^ < cr < P'lg"^ (for some < /3ci < /3c2 to be determined later). 

For any small enough g and P, and for any o", r/ > 0, let Gap((7, P, o", rf) denote the following 
assertion: 

(i) Eg^>(j{P) is a simple eigenvalue of Kg^>cj{P), 

(ii) Gap{Kg,>AP)) > W- 
The main result of this section is the following. 



Gap{g,P,a, r?) 



Theorem 2.1. There exist pc > 0, (3c2 > and 6 > such that, for all < /3ci < I3c2, there 
exists gc > such that, for all < \P\ < Pc, < g 1^ gc cind f3ci < /? < (3c2, 

Gap{g, P, a, 6f3) holds, 

where a = g'^f5~^ . 



The statement of Theorem 12.11 expresses the fact that, for small enough values of the 
coupling constant g and total momentum P, there is a gap at least of size 5g^ in the spectrum 
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(2.1) 
(2.2) 



of Kg >(^{P) above the non-degenerate ground state eigenvalue Eg^>f^{P), provided that the 
infrared cutoff parameter a obeys /^^^^^ < cr < P'^g^. 

2.1. Preliminary lemmas. The proof of Theorem 12.11 relies on a few lemmas that we shall 
establish in this preliminary subsection. For the convenience of the reader, some standard 
estimates used several times in the proofs below are recalled in the appendix. 

We begin with verifying that the Feshbach-Schur operator Fg^>f^(P) introduced in p.9p is 
well-defined for suitable values of the parameters. 

Lemma 2.2. There exist pc > and /3c2 > such that, for all < /3ci < /5c2) there exists 
gc > such that, for all < g < gc, < |P| < Pc and j3ci < /3 < Pc2, the Feshbach- 
Schur operator defined in p.9p . Fg^>f^{P) (where a = g'^/3~^), is a bounded operator on 
Ran(no,>o-) C Hfih given by 

FgMP) = {Eo{P) - ^g,>.(P)))no,>. 

0,>cr^5,>(7(-P)no,>o- 

+ Remi((7,P,/3), 

where Remi((7, P, /3) is a bounded operator on Ran(no,>CT) satisfying 

||Remi(5,P,/3)|| <5'/35. 
Moreover the following inequality holds in the sense of quadratic forms on D[Kg^>„{P)): 

Kg,>a{P) - Eg,>^{P) > Fg,>^{P). (2.3) 

Proof. Let gc, Pc, Cc and Cw be given by Lemma fA. 61 Let Pc2 be such that /3^2^ < {6Cw)~^, 
and let < /3ci < Pc2- Possibly by considering a smaller g^ we can assume that g^ < /^ci^c 
and hence, for all < g < gc and /3 > f3ci, we have that < cr = g'^(3~^ < Uc- In addition we 
impose that pc < M/2. 

Fix g, P and (3 as in the statement of the lemma. By Lemmas lA.ll and \AA\ we have that 
-K'o,>cr(P) — Fg^>o-{P) is bounded invertible on Ran(no,>o-) and satisfies 

{Ko,>a{P) - Eg,>^{P))llo,>a > {Eo{P) - Eg,>^{P) + (1 - ^)a)no,>, > |no,>a. 

Using again that Eg^>(j{P) < Eq{P) by Lemma lA.41 it then follows from a straightforward 
application of the Spectral Theorem that 

[Ko,>a{P) - Eg,>^{P)] "'no,>.(Ko,>a(i^) - ^o(i^) + ^) I 

[Ko,>AP) - Eg,>a{P)] ~'no,>. {Ko,>a{P) - Eg,>^{P) + ^)\\< 3. (2.4) 
Moreover, by Lemma lA. 61 we have that 

[Ko,>a{P) - Eo{P) + ay-'Wg,>.{P)[Ko,>4P) - Eo{P) + (t]"^| 

<Cwg<T-^ =Cwf3K (2.5) 
and hence 

[Ko,>a{P) - Eg,>^{P)]-mo,>^Wg,>^{P)[Ko,>AP) - Eg,>AP)r~'^o,>a < 3Ciy;3i 



< 
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Taking into account the choice of /3c2, we have 3CwP^ < 1/2 so that in particular 

{Ko,>AP) - Eg,>a{P)) no,><x + no,><xW^3,><,(P)no,>. 

> ^ (i^o,><x(P) - Eg^>„{P)) no,>. > ^no,><.. (2.6) 

Therefore the operator {K{)^>a{P) — Eg^>a{P))^(i,>(T+^o,>aWg^>a{P)t^Q,>a is bounded invert- 
ible on Ran(Ilo,>cr). Using in addition that Wg^>a{P) is relatively bounded with respect to 
A'o,>(t(-P), we obtain that Fg^->a{P) is indeed a well-defined bounded operator on Ran(no,>o-)- 
Next, using again (12. 4p and (j2.5p . we obtain 



^o,>aWg,>a{P)[KQMP) - Eg,>a{P)\ ^no,>. < 2Cw cj'^ = 2Cw9- (2-7) 
A standard Neumann series decomposition together with the previous estimates then lead to 

^0,>-Wg,>„iP) [K0^>AP) - Eg,>„{P)+U0,>„Wg^>^iP)n0^>„y%,>„Wg,>„{P)U0,>a 

= Uo,>aWg,>^{P) [Ko,>a{P) - Eg,>4P)y^Uo,>aWg,>a{P)Uo,>a + Remi{g,P,p), 

where Kemi{g, P, 13) is a bounded operator on Ran(no,>cr) satisfying ()2.2p . 
Finally, to prove (j2.3p . it suffices to use the following identity 

Kg,>AP) - Eg,>AP) = Fg,>^{P) + R*R, (2.8) 

where 

R := [Ko,>AP) - Eg,>^{P)+Uo,>^Wg,>^{P)Uo,>ar'^%,>AKg,>AP) - Eg,>AP))- 
We observe that the operator square root appearing in the expression of R is well-defined by 
p.6p . Equation (12. 8p follows from straightforward algebraic computations (see e.g. I12j). 
This concludes the proof of the lemma. □ 



Our next task is to extract the second order term from (12. ip . It is the purpose of the 
following three lemmas. 

Lemma 2.3. There exist gc > 0, Pc > and o"c > such that, for allO < g < gc, < \P\ < Pc 
and < cr < cTc, 

nO,>^Wg,>^{P)[Ko,>a{P) - Eg,>^{P)]-^Uo,>aWg,>^{P)Uo,>^ 

= y. f ^o,>aW>^ir,k,X)[Hr + ^iP-kf + \k\-Eg,>^{P)y'w>^ir,k,X)Uo^>^^^ 

+ Rem2(5,P,a), (2.9) 
where 

w>^{r, k, A) := - ((^(P - Pph,>.) + Pr) ■ hLC^a^^^ A)) 



- 2tr" ■ '"f-(9^»»-'='^) + 4^,^' ■ '4.i-^^ir.t.^. (2.0) 

w>a{r,k,X) is given by the same expression except that h^^, are replaced by their conju- 
gate /i>o-, h^u, and Rem2((7, P, o") is a bounded operator on Ran(no,>o-) satisfying 

\\Rem2{g,P,a)\\<g\ 
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Proof. It suffices to introduce the expression (jl.Sp of Wg^^t^{P) into the operator 

iio,>aWg,>^{p)[Ko,>^{p) - ^g,>,(p)]-'no,>.w^g,>.(P)no,>., 

and next to estimate each term separately. An exphcit computation then leads directly to 
the statement of the lemma (see the proof of Lemma A. 9 in [1] for more details). □ 

Lemma 2.4. There exist Qc > 0, Pc > and ctc > such that, for allO < g < gc, < \P\ < pc, 
< a < ac and A G {1, 2}, 

/ Uo,>„w>^{r, k, A) [Hr + i^iP-kf + \k\ - Eg,>„{P)] "'u;>,(r, k, X)Uo,>adk 
= [ Uo^>„W>^{0, k, A) [Hr + -^(P - kf + \k\ - Eg,>^{P)] ^^w>^iO, k, X)Uo,>a 

J-R3 IM 



dk 



+ Rem3(c?,P,cr,A), 

where w>a{0, k, \) and w>a{0, k, X) are defined by ()2.10p . and Rem-slg, P,a, X) is a bounded 
operator on Ran(no,>o-) satisfying 

\\Remsig,P,a,X)\\ < gl . 
Proof. It follows from the definitions (jl.4p - (jl.5p of /i^ and that 

|/i^^>,(r,A;,A) - /ij^>,(0, A;, A)| < a|,|>,(A;)|A;|^XA(fc)|r|, 



\hf^y,ir,k,X)-hf^^,iO,k,X)\<l\ki>Ak)\k\-^XAmr\, 
for any j G {1, 2, 3}, A £ {1, 2}, r G and k G R^. This implies that 

no,>. {"^{P - Pph,><x) + Pr) ■ [hi^C^glr, k, A) - h^iO, k, A)) 



< 



g3llk\>a{k)\k\2XA{k) 



ph,>(T, 



+ Pr) (r 



<gr^tlk\>Ak)\k\-2XAik). 



In the last inequality, we used in particular that ||(r)pr7ro|| < oo, where, recall, ttq is the 
projection onto the ground state of the Schrodinger operator H,.. Similarly, 

no,>.a^^ • {h^aC^g^r, k, A) - /if ,(0, k, A)) 



< 



53l|fc|>,(/c)|A;|5xA(A;) no,>.c7^^(r) < g-^tik\>aik)\k\-^XA{k) 



The same holds if md is replaced by —rrin and cj°^ is replaced by fj"^. Besides, using that 
Hr + P^/2M > Eo{P) > Eg^>„{P) by Lemma[A3l we obtain that 

[Hr + - + l^^l - P^9,>^(P)] '\k\>.{k) 

1 2 

for |P| < M/2, and hence the statement of the lemma easily follows. □ 
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Lemma 2.5. There exist > 0, Pc > end Uc > such that, for allO < g < gc, < \P\ < Pc, 
< cr < (Tc, and A G {1, 2}, 

[ no,>.u;>.(0, k, A) [Hr + i^iP-kf + \k\ - Eg,>„{P)] "'w;>,(0, k, A)no,>,dfe 
= {rif^^iP, A) + rf A)) + ReiMg, P, a, A), 

where 

r^f^^P, A) : = J^^ no,>.Pr • /il(0, A:, A) [Hr + " + 1^1 " MP)] ~' 

(a 7fo i)pr • /i>a(o, /c, A)no,><xd/c, 



rf,(P,A):= / Uo,>J--^a'^'-h^AO,k,\) + ^a--h§AO,k,X)) 



^ ^'=1 • /if ,(0, fc, A) + -^a" • /if ,(0, k, A) ) no,>.dA;. 



2mei ' 2m.. 

Moreover Rem4(g, P, cj, A) is a hounded operator on Ran(no,>o-) satisfying 

||Rem4(<7,i^,cT,A)|| < g\ 

Proof. It follows from (f2J0]) that 

w>^{Q, k,X)=- \ ■ htiO, k, A) - -^a^' ■ /if ,(0, k, A) + -^a" • /if ,(0, A;, A), 

and likewise for w>^{0,k, X) except that h^^, /if^ are replaced by /i>^, /if^- (Observe in 
particular that the terms proportional to {P — Pph) vanish. This is due to the fact that the 
charge of the total system we consider vanishes). 

Moreover, we have that /i>^(0, k, A) = /i>^(0, k, A) and 

^o,>aPr ■ h^^{0, k, A)(l vro ® a) = 0. 

This yields 

/ no,>.^Z;>,(0, k, A) [Hr + ^{P-kf + \k\ - Eg,>„{P)] ~^w>^iO, k, X)Uo^>„dk 
= g'{Hf^H9,P,X)+TU9,P,X)), 

where 

f>f'^(<7,^,A):=^ [ Uo,>.Pr-hUo,k,X)[Hr + ^{P-kf + \k\-E,MP)]~' 

(a O 7fo t)pr ■ /i>a(0, k, A)no,><xdA;, 
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and 



P, A) : = 



0,>cr 



-^a^' • h^M k, A) + -^a- • /if .(0, k, A) 



^a^' • /if JO, A:, A) + ■ /if JO, fc, A) ) no,>.dA:. 



For any |P| < M/2 and \k\ > a, we have that 



[Hr + ^{P - kf + \k\- Ef^iP)] '(1 Tfo a: 



< 



ei - Co 



and hence also that 



< 



ei - eo 



by Lemma IA.4I Therefore, using the first resolvent equation together with the facts that 
|So(P) - Eg^>„{P)\ < (see Lemma[A3D and |/i^,(0. A:, A)| < lik\>^{k)\k\-^/^XA{k), we get 



where 



f P, A) = r^f ^^(P, A) + Rem^(5, P, a) 

dfc 



|Rem^(5,P,a)|| / a.< 



Likewise, for any \P\ < M/2 and \k\ > a, we have that 

\h+^{p-kf+\k\-E,,>AP)r'\<-^^^ 

and since |/if^(0, /c, A)| < l|fc|>o-(/c)|/c|^/^XA(^)) we thus obtain that 

ff ^5, P, A) = rf JP, A) + Rem^(5, P, <t), 

where 

\\Rem^{g,P,a)\\<g' / 1^<|,|<^- < 
Jm.3 -' '- 

Hence the lemma is proven. 



□ 



To conclude this subsection, we estimate the size of the splitting induced by the second 
order term in (12. 2p . Since the matrix r>^^^^(P, A) of Lemma 12.51 is diagonal, only r>^(P, A) 
is responsible for this splitting. 

From now on, to simplify a few computations and since the system is rotation invariant. 



we choose the total momental P to be directed along ef. 



Lemma 2.6. There exist pc > and cTc > such that, for all P = Pjef satisfying < |P| < 
Pc, for all < a < ac, and A G {1, 2}, 



rf jp, A) = f ^^(p. A) + r^f (p. A) 
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where r^^''*^(P, A) is the diagonal operator on Ranno.>o- given by 
and 

1 sr^ f \hf->JO,k,X)fdk , 



2meim„ i|,3 |fc| - (k . F)/M + tV2Af 

Proof. Using standard properties of the Pauli matrices (see Lemma lA.Sp . since for any A; G 
and A G {1, 2}, /if ^(0, k, A) = -/if ^(0, k, A), we have that 

{a^' ■ /if ,(0, A;, A)) {a^' ■ /if ,(0, A:, A)) = -(/if .(0, A:, A))^ = |/if ,(0, A;, A)|', 

and hkewise with a^^ replacing Next, we observe that for P = Paef, A G {1,2} and 
J,/ G {1,2,3}, j//, 

/if>,(0,fc,A)/ij^^>,(0,A:,A) 
|A;| - (fe-P)/M + A:2/2M 
The lemma then follows straightforwardly from the expression of rf^(P, A) given in the 



statement of Lemma 12.51 □ 

Lemma 2.7. There exist pc > andoc > such that, for all P = ^363 satisfying < \P\ < pc 
and for all < a < ac, the eigenvalues of the operator 

rff(P) :=- E r?f(^',A) 

A=l,2 

are given by 

(0) . . 1 / \k\K<\kl<A{k) 

^^•^^ ' • 8meimn7r2 ^3 |A:| - (A; • P)/M + A;2/2M ' 

(1) .px 1 /■ |A;|l,<|fc|<A(fc) k] . . „ „ 



8meimn7r2 |A;| - {k ■ P)/M + k^/2M \k\^ 
Proof. It directly follows from the properties of the Pauli matrices (see Lemma lA.9p . □ 
Remarks 2.8. 

(1) For P = 0, we observe that 7>^(0) = 7>^(0) = 7>^(0). // may however not be the 
case for P ^ 0. 

(2) The gap above the lowest eigenvalue 7>^(-P) is non-vanishing. More precisely, letting 

6>AP) := min (7g(^), 7S(^'), 7g(^')) " 7^>1{P), 

and 



we have 



6:= inf 5>a(P), 

0<\P\<Pc,0<a-<A/2 - 



1 f \k\Ti.A/2<\k\<Aif^) 

^ - 8meimn7r2 J^, (1 + p,/Af)jfc| + A:2/2m'^^ > 
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2.2. Proof of Theorem [231 

Proof of Theorem \2.1\ Let Pc be fixed as the minimum of the pcS given by Lemmas l2.2H2.7l 
and lA.4l and let Ciy be given by Lemma lA.61 Let (t^. = (3c2 = ^ where e > is a smah, fixed 
parameter (smaller, in particular, than the minimum of the Cc's given by Lemmas 12 . 3H2 .71 and 
than the /3c2's given by Lemma l2.2p . Let now < /3ci < /3c2 and let Qc be fixed smaller than 
the minimum of the QcS given by Lemmas 12 . 2H2 .71 We recall in particular from the proofs of 
Lemma 12.21 that < PdOc-, which implies that for Q < g < Qc and /3 > /3ci, we have that 
< CFg^p < (7c, with ag^p = 5^/3"^ 

Let < |P| < < 51 < Pel < /3 < /3c2- By rotation invariance, we can assume 
that P = -Psef. Before starting the proof we introduce a few more notations to simplify 
expressions. Combining Lemmas I2.2H2.6| we can write 

Fg^>„{P) ={Eo{P) - i?g,>.(P))no,>. + g2d><,(P)no,>. + ff'rff (P) + Rem{g,P,(3), 

where d>a{P) is the (diagonal) bounded operator on Ran(no,>(T) defined by 

d>.(^) := - E {^if^'iP^ A) + rf f ^S(P, A)) , 
A=l,2 

and Rem(g(, P, /?) is a bounded operator on Ran(no,>(T) satisfying 

\\Rem{g,P,p)\\<g^{(3^2 +g + 2gl +2g^)<ghl (2.11) 

Here we used that, by assumption, (3 and g are smaller than e. We also introduce the operator 

F^^^ ■=FgMP) + Eg,>a{P)IiQ^>a - Rem(5, P, /3) 

= [E^{P)+g^d>„{P))lio,>a + g^T^*{P)- 

Identifying d>o-(-P) with a scalar quantity, the lowest eigenvalue of F^'^'^ is, according to Lemma 
12.71 given by 

el?i(P) := E,{P)+g\d>,{P)+ill{P)). 

Moreover, it follows again from Lemma 12.71 that e^].(P) is simple and that 

Gap(F(2)) >52^>,(P) >525^ (2.12) 

on Ran(no,>cr), where 5>a{P) and 5 > are given by Remark 12.81 (j2|). 

Let (j)yl^{P) G Ran(no,>(j) denote a normalized eigenstate associated with the eigenvalue 
e^^liP) of 



Step 1 Let us prove that 



Let ip^^{P) be the following trial state: 



i^>liP) ■■= 4>>1{P) - [K(^,>a{P) - Eg^>a{P) + no,>.T^,,>.(P)no,>.] ' 



ti0,>aWg,>^{P)ct)f„{P). 
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We observe that {il^>l{P)-,(f>^-^l{P)) = {4>>l{P):(t'>i{P)) = 1- Proceeding as in the proof of 
Lemma O using and we find that 

U^>liP) - < ^V2Cw(3^ < eK (2.14) 

where we used that /3^/^ < e^/^. Moreover, using the properties of the Feshbach operator, we 
obtain that 

= f,,>Ap)4Up) 

= (eg(P)-£;,,>.(P))0g(P)+Rem(5,P,/3)0?i(P), 

and 

^0,>.{K,,>4P) - Eg,>,{P))i,fl{P) 

= t^o,>aWg^>„{P)<i,f^{P) - no,>,i^,,>,(P)4°i(P) = 0- 

Therefore we deduce that 

< (^g(P), (i^,,>.(P) - i?,,>.(P))^g(P)> 
= eg(P) - Eg,>,{P) + (^^°)(P),Rem(5,P,/3)<^g(P)) 
< eg(P) - i?,,>.(P) + ||V^g(P)||||Rem(5,P,/3)|| 
<el?i(P)-i?3,>.(P) + C5'ei 

where in the last inequahty we used (I2.14p and ()2.1ip . Hence, choosing e^/^ ^ 5, p.l3p is 
proven. 

Step 2 Let 112 denote the second point above Eg^>(j(P) in the spectrum of Kg^>„(P). The 
min-max principle implies that 

/i2> inf {t^,Kg,>^{P)ij). 

Now, for -0 as above, using inequality ()2.3p of Lemma 12.21 we can write 

{i;,Kg,>^{P)il;) > {i;,Fg,>^{P)i;) +Eg,>^{P) 

> (V;,F(2)^) + (^^Rem(5,P,/3)V'). 
Since F^'^^Uo^>a- = and since e [(/'>^(P)]-^, it follows from (ITT2]l that 

{^l^,F^'H) > (ef^iP) + gH)\\Uo,>.M\' > ef^{P)+gH. 

In the last inequality, we used that Eq{P) = P^/2M + cq = P^/2M — /i/2 is negative for 
^ Pc small enough, and hence that e^^(P) + g^5 is also negative for g and |P| small 
enough. Moreover, (j2.1ip yields 

(V',Rem((7,P,/3)V') > -Cgh'^ . 
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Thus, applying Step 1, we obtain that 

provided e is small enough. Changing notations (5/2 — )■ 6), this implies the statement of the 
theorem. □ 

3. Proof of Theorem 11.11 

The main theorem of this section, which will allow us to prove Theorem ll.il is the following. 

Theorem 3.1. There exist gc > 0, Pc > dn-d < r] < 1/4 such that, for all < g < gc and 
< \P\ < Pc there exist o"c > such that for all < a < ac, 

Gap((7, P, a, rf) holds. 

We need the following two lemmas before starting the proof of Theorem 13. 1[ 

Lemma 3.2. Let (/c > 0, cJc > and Pc > be fixed small enough and let < g < gc, < o' < 
ac and < |P| < Pc be such that Ga.p{g, P,a,r]) holds. Let ^g^>a{P) be a normalized ground 
state of Kg^>(j{P). For allO < t < a, Eg^>„{P) is a simple eigenvalue of Hg^>f^{P)\-}{^^ 

associated with the normalized ground state ^g,>a{P) "X" ^^>^, and 

GMHg,>a{P)\'Hfib,>r) > min(r?CT, J). 

Proof. First, one can readily verifies that ^g,>o-(-P) 'X' ^^^^ is an eigenstate of Hg^>^{P)\-}i^^^ 
associated with the eigenvalue Eg^>a-{P)- Since 

1 - (ng,>a(-P) ® n^<0 = (a - ^9,>Ap)) ® n^<- + a ® (i - n^<.) , 

and since l ^ n^<t7 commutes with Hg^>a{P)\'Hfih >t' have that 

inf (V,/?,,>.(P)kfi,>» 
^eZ?(i/3,>^(P)|„,,,,,J,|K.|| = 1, 



> min inf (^/;, i?g,><^(P)|-Hflb >,V'>, 

^Gi^(ifg,>.(P)|«„,.,J,||V|| =1, 



, inf ^ „ „ (V',i/,,>.(P)|««,,>,V>). (3.1) 
Vei?(i/g,>.(P)|«,,.>J,||VlHi, - ' 

The assumption that Gs.'p {Kg^-y„{P)) > rjcr yields that 

inf ^ „ (V,//,,>.(P)|««,,>,V)>i?5,>'.(^')+W. 
^'ei?(iJ,,>.(P)|^,,,>J,||V'|| -1, 

V' e [$s,>-(^)]^ ® [f^lr] 

To estimate from below the second term in the right-hand-side of ()3.ip . we use the fact that 
P-g,>c{P)\'H&h >T commutes with the number operator TLiSiM^^^ (defined in (IA.4P ). We then 
consider ip G D{Hg^>„{P)\■u^^^ .^^) such that {{ipW = 1 and ti^M^^-^^ip = nip with n > 1. This 
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state ^p may be seen as an element of L^({(fc, A), r < |A;| < a}; ?^fib,>(T L^({(A;, A), r < \k\ < 
a}"'~^)), and we have that 

= Yj ((V'(fe,A),i?g,>^(P - /c)|^g^^_^^^L2({(fc,A),r<lfc|<a}"-i) + A))dA; 

> inf {Eg,>^iP -k) + \k\) > Eg,>^iP) + J, 

T<\k\<a 4 

where the last inequality is a consequence of O Lemma 4.3]. Therefore we obtain that 

^ei?(i^,,>.(P)|w„,,>J,ilV'il = 1, - 4 

which concludes the proof of the lemma. □ 

Lemma 3.3. There exists pc > such that, for all r] and k such that < 4r/ < k < 1, there 
exists gc > such that, for all < g < gc, < |P| < pc and o" > 

Gap (51, P, a, ri) =^ Gap (5, P, na, ??). 

Proof. Assume that Gap^g, P,a,r]) is satisfied for some o" > 0. Let ^g,>(7iP) be a ground 
state of Kg^>(j{P). Let t = kct and let fj.2 denote the first point above Eg^>T-{P) in the 
spectrum of Kg^>T-{P). By the min-max principle, 

^2> inf {ij,Kg^>r{P)i^), 

where [<I>g^>o-(-P) ® ^>^]^ denotes the orthogonal complement of the vector space spanned by 
^g,>a{P)^^>r ™ ^fib,>o-'^^pif>T- — ^fib,>T- It follows from Lemma RTtI that for any p > 0, 

(V,i^,,>.(P)^) = (^,^c;,><x(^')IWfib,>» + {^P,W^;AP)i^) 



> 



1 - Cwga'/'P~'/' 
+ Cwg<y^'^P~^'^Eg^>^{P) - Cwgcy^'^p"'^. 

Next, by Gap((j(, P, a, r]), Lemma 13.21 and the fact that t = kct > ^r]a, we obtain that for any 
V^in [^g^>„{P)®np,^, IIV'II =1, 

(V',i?g,>.(P)kfib,>» > Eg^>„{P)+r^a, 
provided that g is sufficiently small. Hence for any p > such that p^/^ > Cv/ga^/"^, 



{il^,Kg,>r{P)tP) > Eg^>„{P) + 1 - CwgcT^'^p-^'^ w - Cwg'y''''p''''- 



1/21/2 



Choosing p^/^ = 2(1 — k) ^Cwg(^^^^ and using Lemma lA.51 we get 

+ 
2 



Kg,>r{P)i^) > Eg,>^iP) + ^r?fT - 2(1 - K)-^Cl,g^a 



> Eg^>r{P) +vr + ^-^W - 2(1 - K)-^Clrg^a. 
Hence //2 > Eg^>T-{P)+iTT provided that g^ < (4C^)~^(1 — which proves the lemma. □ 
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Let us now prove Theorem 13.11 

Proof of Theorem \3.1\ Let pc be the minimum of the pcS given by Theorem 12.11 and Lemma 
13.31 Let /3c2 and 5 be given by Theorem 12.11 Note that, possibly by considering a smaller 
/3c2, we can assume that 45 < j3~2 ■ Fix /3ci such that < /3ci < /3c2- Let rf := Sfid and 
K := (5cif3~2 ■ In particular we have that < Arj < k < 1. Let gc be the minimum of the gcS 
given by Theorem 12.11 and Lemma 13.31 

Let < g < gc and < |P| < pc- By rotation invariance, we can assume that P = P3T3. 
Let fJc := g'^^'i- By Theorem [HI we know that, for all cr such that g'^ji(.2 — ^ — ff^f^cii 
Gap((7, P, o", Vj) holds. Using Lemma 13. 3| this implies that, for all a such that g'^/3~2 < 

< Q^l^ci ^ Gap(g(, P, k"(T, r/) holds. Since k = /3ci/3^"^, we deduce that 

Gap((7, P, (T, 77) is satisfied for all < a < g'^f3~i , which concludes the proof of the theorem. 

We are now able to prove the main theorem of this paper. 

Proof of Theorem By [3] , we know that there exist gc > and pc > such that for 

all < g < gc and < |P| < pc, Eg{P) is an eigenvalue of Hg{P). Let here gc > Q and 
Pc > be fixed small enough (smaller, in particular, than the latter and than the ones given 
by Theorem 13. ip . Let < 77 < 1/4 be given by Theorem 13.11 and let Cvi/ be given by Lemma 
IA.71 Let < g < gc and < |P| < Pc- By rotation invariance, we can assume without loss of 
generality that P = ^363. Let cTc > be given by Theorem 13.11 

For < 0" < o"c, let <I'g,>o-(P) denote a normalized ground state of Kg^>(j{P). Recall from 
Lemma 13.21 that ^g,>a{P) ® is then a normalized ground state of Hg^>a{P)- By the 
Banach-Alaoglu theorem, there exists a sequence i^g,>a„{P) "SD Cl-^")n<^N which converges 
weakly as n — )• 00, with < o"„ < min((Tc, 1) and (T„ — )■ 0. Let ^g{P) denote the corre- 
sponding limit. Using Lemma lA. 21 a standard argument (see for instance [SI [13]) shows that 
{^g{P),Q) 7^ 0, from which it follows that ^g{P) is a normalized ground state of Hg{P). 

In order to prove Theorem 11.11 it now suffices to follow [5] . Assume by contradiction that 
there exists another normalized ground state, say $^(P), such that {^g{P),^'g{P)) = 0. We 
write 

\{^g{P),<^'g{P))f = hm |($,,>.„(P)®J7^'^",$;(P))P 

' Ml n— i>00 ' ^ ' 

Notice that, in the second equality, we used the fact that, by Theorem 13.11 and Lemma |3.2| 
Eg,>(T„{P) is a simple eigenvalue of Hg^>(j^{P). We decompose 

1 - l{E„>.„{P)}(^9,>-n(^)) =(1 - t{E,^,_^^(P)}{Kg,>aSP))) ® nn<.„ 

+ a«)(a-nn<.n), (3.3) 

and use that, by Lemma |A.3| 

($;(P), a ® (1 - n^<.J$;(P)> < {^'g{P\Mf^^-^'g{P)) < g'al < g\ (3.4) 
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On the other hand, by Theorem 13. H we can write 

< J-($^(p),(K,,>,„(p) - i?3,>.„(p)) n^<.„ci,;(p)> 
= -^(a>;(P),(if3,>.„(P) -ii;g,>.„(p))(a®nf,<.„)$;(^)> 

V-'n 

= —{%{P), {Eg{P) - Eg,>^„{P) - Wf^-{P))^'g{P)), 

where in the last equahty we used that {Hg{P) - Eg{P))^'g{P) = and that Hg{P) = 
Hg^>„^{P) + Wg^'""(P). By Lemmas |X3 and EH this imphes that 

(1 - a{i.„,.„{P)}(i^.,>.jP))) ® ^n<-^.^',{P)) < ^ + ^ < 5, (3.5) 

since cj„ < 1. Combining (j3.3p . (|3.4p and (jS.Sp . we obtain that, for g small enough, (j3.2p > 0, 
which is a contradiction. Hence the theorem is proven. □ 

Appendix A. Standard estimates 
This appendix contains several fairly standard estimates which were used above. 
Lemma A.l. For all < |P| < M, and o" > 0, we have that 

Ko,>AP) - Eo{P) > (1 - ^)i^ph,><x. (A.l) 



Moreover, the spectrum of KQ >fj{P) satisfies 

I J \En(P) -^(^ - 

M 



spec{Ko,>a{P)) C {Eo{P)} U [Eo{P) + (l - ^)<t, +oo), (A.2) 



and 

dimKer(Ko,>.(P) - Eo{P)) = 4. (A.3) 

Proof. Recall that 

p2 1 1 2 

Ko,>a{P) = Hr + - —P ■ Pph,>a + ■^Pph,>a + -f^ph,><T, 

on the Hilbert space 'Hfib.>o-- For $ G D{Kq >^{P)), we have that 

|($,P-Pph,>,$)| < |P|($,/7ph,>.$). 

Therefore, 

i^o,><.(P) ^ + ^ + (1 - ^)^ph,><., 

which proves (jA.ip . 

In order to prove (|A.2p and (jA.Sp . it suffices to observe that 
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for any y £ C^, and that, by (jA.ip . ip € D{Kq^>„{P)) satisfies ||V'|| = 1 and {ip, {y <^ (po <^ 
0>^)) = for all y G C^, then 

(V, (KoMP) - Eo{Pm > (1 - ^)^. 
Hence the lemma follows. □ 



The number operator of particles of energies > o" is defined by 

A/'ph,><7 '■= yZ al{k)ax{k)dk. 

X -, o J|fcl>cr 



A=l,2 



The following two lemmas are easy generalizations of [3l Lemma 4.5] based on the combination 
of a pull-through formula together with a Pauli-Fierz transformation (see also [6l [l3]). We 
do not recall the proofs. 

Lemma A. 2. There exist gc > 0, Pc > and cjc > such that, for allO < g < Qc, < \P\ < Pc 

1 /2 

and < (7 < ac, KeT{Kg^>a{P) — Eg^>a{P)) C ^(-^p^^^), and the following holds: For all 
<^g,>a{P) G Ker(i^g,>,(P) - Eg,>„{P)), ||$g,>,(P)|| = i~ we have that 

(<I>g,>,(P),AAph,>.<I>g,>.(P)) <5'- 

Li the next lemma, we use the notation 

^pt>r ^= E / alik)a,{k)dk. (A.4) 

Lemma A. 3. There exist gc > 0, Pc > and (Tc > such that, for allO < g < gc, < \P\ < Pc 
and < T < a < ac, Ker(ifg,>^(P) - Eg^>r{P)) C Dil.M^^^^^)^/'^), and the following holds: 
For all <^g,>r{P) G Ker(Kg,>^(P) - Eg^>riP)), \\<i>g,>riP)\\ = 1, we have that 

{<i>,,>AP),MX>r'^g,>r{P))<g'a'. 

The next lemma is proven in the same way as Lemma A. 6 in [1]. We do not reproduce the 
proof here. 

Lemma A.4. There exist gc > 0, Pc > 0, ctc > and Cq > such that, for all < g < gc, 
< \P\ < Pc, and < (7 < fJc, 

Eg,>AP) < EoiP) < Eg,>aiP) + Cog^ 
Similarly we have the following: 

Lemma A. 5. There exist gc > 0, Pc > 0, ac > and Cq > such that, for all < g < gc, 

< \P\ < Pc, and < T < a < ac, 

Eg,>r{P) < Eg,>^{P) < Eg^>r{P) + CogV^ (A.5) 

Proof. Again, the proof is similar to the one of Lemma A. 6 in [T]. We only sketch the main 
differences here. Recall that 

Kg^>r{P) = Hg,>AP)\n,,^^^ + W^;^{P), (A.6) 



in 7i{ih,>T, where W^^^{P) is given in (jl.lOp . By Lemma [ 

H,,>AP)\h,,,>. {'^g,>AP) » ^tr) = Eg,>AP)'^9,>AP) ® ^tr- 
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Thus, the first inequahty in (|A.5p foUows from 

Eg,>r{P) < {'^g,>AP) ® ^tr^Kg,>r{P)'^a,>AP) ® ^tr) = Eg,>a{P). 

Since WfZ.^{P) is Wick ordered. 

In order to prove the second inequahty in (jA.Sp . we use that, by (fXH]) . 

Eg,>.{P) < {^9,>r{P),Hg,>AP)\H,,,>r^9,>r{P)) 

< Eg,>riP) - {<^g,>riP),W^,;AP)'^9,>riP))- 

Decomposing W^^^{P) into its expression (ll.lOp and estimating each term separately, we are 
able to conclude the proof thanks to Lemma lA.31 □ 

The next two lemmas are proven in the same way as Lemma A. 8 in [1]. 

Lemma A. 6. There exist Qc > 0, pc > 0, ac > and Cw > such that, for all < g < Qc, 
< \P\ < Pc, < (7 < (7c and < p < 1, the following holds: 

\\[Ko,>AP) - Eo{P) + pr-^Wg,>^{P)[Ko,>a{P) - Eo{P) + II < Cwgp--^. 

Lemma A. 7. There exist Qc > 0, pc > 0, cJc > and Cw > such that, for all < g < gc, 
< |-P| < Pc, < r < fj < (7c and < p < 1, the following holds: 

\\[Hg,>a{P)\n,,,>. - Eg,>AP) + pr'^W^;,{P)[Hg,>,{P)\n,,^^^ - Eg^^UP) + P]"^ II 

We conclude with two easy lemmas concerning Pauli matrices. Their proofs are left to the 
reader. 

Lemma A. 8. Let a = (01,02,03) denote a 3-vector of complex numbers. We have that 

(a • a<=^)(a • cj°^) = al + al + al = {a- a"^)(a • a''). 

Lemma A. 9. Let a = (01,02,03) denote a 3-vector of complex numbers. The eigenvalues of 
the 4x4 matrix aiaf^af + 02cr2'(72 + a^afa^ are the following: 

01+02 — 03, oi— 02 + 03, —01+ 02 + 03, — oi— 02 — 03. 
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